Abstract. We give a simple proof of a special case of Clozel's conjectures, strengthening a result of Venkatesh.
Introduction
In a recent work ( [Clo04] ), Clozel set forth some remarkable conjectures pertaining to the restriction of unramified representations of a reductive group G over a local field to a reductive subgroup.
For simplicity, let G be the set of points of a split connected reductive group over a non-archimedean local field F , andĜ denote the (complex) Langlands dual group. An unramified Arthur parameter is aĜ-conjugacy class of homomorphisms ψ : W F × SL(2, C) →Ĝ such that ψ| SL(2,C) is algebraic and ψ| W F is unramified with bounded image. To each unramified Arthur parameter there corresponds an unramified representation π ψ whose Langlands parameter is w → ψ w, It is conjectured that π ψ is unitary. Denote by ν theĜ-conjugacy class of the restriction of ψ to SL(2, C). We call ν the SL(2)-type of ψ or of π ψ . By the Jacobson-Morozov Theorem, the set of SL(2)-types are in bijection with the set U G of unipotent conjugacy classes inĜ. We shall identify ν with the corresponding unipotent conjugacy class.
We recall the well-known fact that ν is uniquely determined by π ψ . Let
where q is the order of the residue field of F and set t ψ = ψ(Fr, t F )
where Fr is a Frobenius element. Then π ψ determines (and is determined by) thê G conjugacy class of t ψ . On the other hand, ν is determined by its weighted Dynkin 
The weight corresponding to a simple root α of T is log q |α(t ψ )|. Thus, the weighted Dynkin diagram may be read off from thê G-conjugacy class of t ψ .
Unramified representations of the form π ψ with ψ as above are said to be of Arthur type. If ν corresponds to a unipotent orbit that intersects a Levi subgroup M in its principal (regular) orbit, and P is a parabolic subgroup of G with Levi M then an unramified representations of G is of SL(2)-type ν if and only if it is the unramified constituent of Ind G P χ for some unramified unitary character χ of M . In particular, the unramified unitary characters of G have SL(2)-type corresponding to the principal unipotent class, denoted by 1, while unramified tempered representations correspond to the trivial unipotent class, denoted by 0.
In the case G = GL n (F ), all irreducible admissible unramified representations π of G are of the form π = Ind G P χ for some parabolic subgroup P = M N and an unramified character χ of P ( [Zel80] ). Thus π is of Arthur type if and only if χ is unitary, and in this case, the SL(2)-type of π is the unipotent orbit that intersectŝ M in the regular orbit. Note that all unipotent orbits inĜ = GL n (C) intersect a Levi subgroup (unique up to conjugacy) in the regular orbit.
Henceforth, we deal exclusively with unitary representations. Let H be a reductive subgroup of G and let π be an unramified representation of G of Arthur type of SL(2)-type ν. We assume the conjecture mentioned above that π is unitary. Denote by π H the restriction of π to H. We say that an irreducible unitary representation ρ of H is a constituent of π H if ρ appears weakly in π H . By definition, this means that any matrix coefficient of ρ can be approximated uniformly on compact sets by a matrix coefficient of π H . Clozel has made the following Conjecture 1.1 (Clozel) . All unramified constituents of π H are of Arthur type. Furthermore, the SL(2)-types of these constituents all coincide and depend only on the SL(2)-type of π.
If holds, this conjecture would give rise to a map U G → U H by sending the type ν of π to the type of the constituents of π H .
One case of interest is where G is embedded diagonally in G × G. We write π = π 1 π 2 for the outer tensor product representation of G × G defined by representations π 1 and π 2 of G. Note that π is an unramified representation of Arthur type precisely when π 1 and π 2 are of this type. The restriction π G is the tensor product π 1 ⊗ π 2 . In this case, the conjecture asserts that all unramified constituents of π 1 ⊗ π 2 are of Arthur type with uniform SL(2)-type depending only on the SL(2)-types of π 1 and π 2 . Thus, the conjecture gives rise to a commutative and associative binary operation
This operation would satisfy 1 x = x and 0 x = 0 for all x ∈ U G . The relation 1 x = x is obvious because 1 is the SL(2) type of the one-dimensional unramified unitary representations of G. On the other hand, if π 1 has SL(2)-type 0, then π 1 is tempered, that is, the matrix coefficients of π 1 lie in L 2+ for > 0. The same is true of the matrix coefficients π 1 ⊗ π 2 (since π 2 is unitary and hence has bounded matrix coefficients) and hence all irreducible constituents of π 1 ⊗ π 2 are tempered. This yields the relation 0 x = 0. In the global setting, Burger-Sarnak defined the notion of the automorphic dual of a reductive groupĜ aut (F S ), with respect to a finite set of places S ([BS91]). Their method, as fine-tuned by Clozel-Ullmo ( [CU04] ), shows that if π ∈Ĝ aut (F S ) and H is a semi-simple split subgroup of G over F , then the restriction of π to H(F S ) is supported onĤ aut (F S ). On the other hand, Arthur has given a conjectural description of the automorphic representations π = ⊗π v occurring discretely in
). One consequence of Arthur's description is that almost all local components of π are unramified representations of Arthur type with the same global SL(2)-type ν. In fact, we may expect that all unramified components of π have SL(2)-type ν. If so, Clozel's conjecture would follow formally from the Burger-Sarnak method. We refer to [Clo04] and [Clo07] for a more detailed discussion.
For the rest of the paper, let G = GL n (F ) where F is a non-archimedean local field. In this case, the binary operation on U G was explicitly described by A. Venkatesh ([Ven05] ). Recall that the unipotent orbits of GL n (C) are indexed by unordered partitions n = n 1 + · · · + n k of n or what amounts to the same, associate classes of parabolic subgroups P of G. Let (n 1 , . . . , n k ) denote the standard parabolic subgroup of type n 1 , . . . , n k and [(n 1 , . . . , n k )] its associate class.
where n 1 ≥ · · · ≥ n k and n 1 ≥ · · · ≥ n k . Define [P ] [P ] to be the associate class corresponding to the partition of n consisting of the positive elements of (n i + n j − n) i=1,...,k;j=1,...,k together with 1's.
The purpose of this note is to give a simple local proof of the following result, which affirms Conjecture 1 of [Ven05] in the unramified case. In ([Ven05]), Venkatesh uses partially global methods to study the Clozel conjecture for all representations of Arthur type (not necessarily unramified) as well as the cases of restriction to and induction from a Levi subgroup of GL n (F ). Proposition 1.3 sharpens his result in the unramified case. Indeed, the results of ( [Ven05] ) show that the constituents of π 1 ⊗ π 2 have a uniform "weak" Arthur type but do not establish that they are actually of Arthur type. It is likely that our proof carries over to all representations of Arthur type and can be adapted to restriction and induction as well. However, we do not consider these issues here.
Proof of Proposition 1.3
First, we observe that has alternate inductive definition. 
where Q = (n 1 − N, n 2 , . . . , n k ), Q = (n 1 − N, n 2 , . . . , n k ), and ⊕ denotes concatenation.
Recall that the Weyl group S n acts on the root space of the diagonal torus, identified in the usual way with
The positive Weyl chamber is
and the closed negative obtuse Weyl chamber C = C n is
2 ). More generally, for any P = (n 1 , . . . , n k ) let
and let λ P be the representative of the orbit of ρ P 0 in the closure of the positive Weyl chamber.
Lemma 2.2. Let P = (n 1 , . . . , n k ) and P = (n 1 , . . . , n k ) with n 1 ≥ · · · ≥ n k and n 1 ≥ · · · ≥ n k . Suppose that n 1 + n 1 ≤ n + 1.
Proof. We use induction on n. The case n = 1 is trivial. Let Q, Q be the parabolic subgroups of GL n−2 of type (n 1 −2, n 2 , . . . , n k ) resp. (n 1 −2, n 2 , . . . , n k ). Then
It follows from the assumption n 1 + n 1 ≤ n + 1 that if
On the other hand, if λ Q +λ Q −ρ n−2 0 ∈ C n−2 then by the induction hypothesis, we necessarily have n 2 + n 2 ≥ n. In particular, n 2 ≥ n/2 or n 2 ≥ n/2. Without loss of generality, assume that n 2 ≥ n/2. Then, since n 2 ≤ n 1 and n 1 + n 2 ≤ n, we obtain n 1 = n 2 = n/2. It follows that n is even, k = 2 and n 2 ≥ n/2. In a similar vein we also conclude that n 1 = n 2 = n/2 and k = 2. In this case
and therefore
as required.
Before proving Proposition 1.3, it will useful to observe the following Lemma. Henceforth, Ind will denote unitary L 2 -induction.
Lemma 2.3. Let π = Ind G P χ, π = Ind G P χ , where χ and χ are unitary, and suppose that P P is open. Then π ⊗ π = Ind P ∩P χχ .
Proof. The representation π ⊗π is the restriction of Ind G×G P ×P (χ χ ) to G via the diagonal embedding into G × G. The diagonal embedding identifies P ∩ P \G with the open dense orbit {(g, g) : g ∈ G} in P × P \G × G and thus, restriction of functions on G × G to G defines an isomorphism unitary representations of G:
We note that this map is well-defined because δ P ∩P (g) = δ P (g)δ P (g) for g ∈ P ∩P . In fact, for any parabolic subgroups P and P , δ P ∩P differs from δ P δ P by the modulus function of P ∩ P on U ∩ U (cf. [BZ77, §6] ). If P P is open then U ∩ U = 1.
Let P be the upper diagonal parabolic subgroup of type (n 1 , . . . , n k ) and P the lower diagonal parabolic subgroup of type (n k , . . . , n 1 ). Note that P P is open. The reader can easily verify that any (unitary) character of P ∩ P can be a written as a product of (unitary) characters of P and P . Therefore, by Lemma 2.3, Proposition 1.3 is equivalent to Proposition 2.4. For any unitary character χ of P ∩ P all unramified constituents of Ind P ∩P χ are of SL(2)-type
Proof. We use induction on n. The case n = 1 is trivial. Suppose that n > 1. We separate into two cases. Suppose first that n 1 + n 1 ≤ n + 1. In this case, [P ] [P ] = 0. By Lemma 2.2, λ π + λ π − ρ 0 ∈ C. According to Principle 4 stated in [Clo04] , all constituents of π ⊗ π is tempered. Therefore, Proposition 1.3, and hence, Proposition 2.4 are true in this case. Now consider the case n 1 + n 1 > n + 1. (In fact, for the ensuing discussion, it will suffice to assume that n 1 + n 1 > n.) Set m = n − n 1 , m = n − n 1 and N = n − m − m = n 1 + n 1 − n.
Let R = LM be the maximal (non-standard) parabolic of type (N, n − N ) with Levi subgroup Thus R = (GL N × GL n−N ) × V . Since n 1 = m + N and n 1 = m + N , we see that P ∩ P ⊂ R and that GL N × V ⊂ P ∩ P . Let Q (resp. Q ) be the upper (resp. lower) diagonal parabolic subgroup of GL n−N of type (n 1 − N, n 2 , . . . , n k ) (resp. (n k , . . . , n 2 , n 1 − N )). The intersection of P (resp., P ) with the GL n−N factor of L is Q (resp., Q ). Therefore 
